Introduction and main results.
In this paper a Kloostermantype exponential sum is discussed and applied to the analysis of certain nonlinear congruential pseudorandom numbers. During the last few years several nonlinear congruential methods of generating uniform pseudorandom numbers in the interval [0, 1) have been studied. A review of the development of this area is given in the survey articles [2, 8, 9, 11] and in the monograph [10] . One of these approaches is the inversive congruential method with power of two modulus, which has been analysed in [1, 3, 4, 5, 7] . In the present paper the sequence (x n ) n≥0 of nonoverlapping pairs of inversive congruential pseudorandom numbers is considered, which is given by
and has period length m/4. In order to assess the uniformity of the distribution of the points
where the supremum is extended over all subrectangles R of [0, 1) 2 with sides parallel to the axes, F m/4 (R) is 4/m times the number of points among x 0 , x 1 , . . . , x m/4−1 falling into R, and A(R) denotes the area of R. In the following main results upper and lower bounds for the discrepancy D (2) m/4 are established. Their proof is given in the third section. The method of proof relies on the detailed analysis of a Kloosterman-type sum in the second section.
for any inversive congruential generator.
for any inversive congruential generator, where
) for any inversive congruential sequence, where the implied constant is absolute. In particular, this bound is independent of the specific choice of the parameters a, b, and y 0 in the inversive congruential method. Theorem 2 implies that the upper bound is best possible up to the logarithmic factor, since the discrepancy D (log log m) 1/2 according to the law of the iterated logarithm for discrepancies (cf. [6] ). In this sense, inversive congruential pseudorandom numbers behave like true random numbers. Similar results have been obtained for the set of all (overlapping) pairs in the inversive congruential method (cf. [5, 7] ).
Auxiliary results.
First, some further notation is necessary. For integers k ≥ 1 and q ≥ 2 let C k (q) be the set of all nonzero lattice points
and
is used, and u · v stands for the standard inner product of u, v ∈ R 
Lemma 3. Let t ≥ 6 be an integer and c ∈ Z * 8 . Then 
. This motivates the following definition. For integers u, v ∈ Z, ξ ∈ {1, 3}, and α ≥ 2 the Kloosterman-type sum
is introduced. In order to evaluate these exponential sums in Lemma 5, the mapping
is studied in the subsequent lemma. For integers α ≥ 3 let
Subsequently, it is proved by induction on α ≥ 3 that for any (s, t) ∈ N α the set M α (s, t) contains exactly two elements, say (y, z) and (y , z ), which satisfy (y , z ) ≡ (y +2
, z +2 
with suitable s, t ∈ Z 2 . In the following let (y, z) ∈ Z 2 2 α+1 be an arbitrary element. It suffices to consider the case (y, z) (mod 2 α ) ∈ M α (s, t), since otherwise (y, z) cannot belong to the set M α+1 (s, t). Therefore, by the induction hypothesis, (y, z) ≡ (y α , z α ) + 2
) with a suitable λ ∈ Z 2 . Hence, one obtains
with suitable y, z ∈ Z 2 . A short calculation shows that
Therefore, an element (y, z) ∈ Z 2 2 α+1 belongs to M α+1 (s, t) if and only if λ + y + z + s ≡ y + z + t ≡ 0 (mod 2) which is equivalent to z ≡ y + t (mod 2) and λ ≡ s + t (mod 2). Hence, λ ≡ s + t + 2 λ (mod 4) with a suitable λ ∈ Z 2 and
where λ ≡ λ + y (mod 2) ∈ Z 2 . Consequently, the set M α+1 (s, t) contains exactly two elements which stand in the desired relation. This completes the proof.
Lemma 5. Let u, v ∈ Z and ξ ∈ {1, 3}. 
) , which yields the desired results. Now, the case α ≥ 6 is considered. First, one obtains
where the mapping Φ = (φ 1 , φ 2 ) is defined as above. Since Φ(y + 2
) for odd integers y and z, it follows together with Lemma 4 that
where the abbreviations
are used. Straightforward calculations show that
This completes the proof.
Proof of the main results
Proo f o f T heo rem 1. First, Lemma 1 is applied, which yields
where ξ ≡ y 0 (mod 4) ∈ {1, 3}. Now, Lemma 5 can be used in order to obtain , 2 ω−γ ) . 
